ABSTRACT. Let K be a compact set, % a prescribed family of (possibly signed) Borel measures of total mass one supported by K, and / a continuous real-valued function on Kx K. We study the problem of determining for which /x e% (if any) the energy integral 1(K, fi) = Siefi(ßx' y)df4.x)df/.y) is maximal, and what this maximum is. The more symmetry K has, the more we can say; our results are best when K is a sphere.
Background and summary of results.
In this paper we will investigate a number of extremal problems in distance geometry. Our work is in many ways analogous to the study of energy integrals in classical potential theory.
Let K be a compact set in a Euclidean space and !m be a prescribed family of Borel measures (possibly signed) of total mass one supported by K. Suppose / is a continuous real-valued function on Kx K. We consider the family of integrals having the form (1-1) ¡(K, ,i) = ff f(x, y) d¡i(x) d^y), p e X A number of interesting questions naturally arise concerning ¡(K), the supremum of the numbers ¡(K, ¡i) with ¡m in 3IÎ:
(i) What is the numerical value of I(K)?
(ii) Does there exist a ¡iQ in 31Ï such that l(K, /iQ) = ¡(K)?
the collection of all atomic measures on K consisting of n atoms of weight 1/«.
Let f(x, y) = |x -y\. It is easily seen that n l(K) is the supremum of all sumŝ f j I $i ~ Pj I» wnere P\ »' ' ' ' P" are variable points on the sphere. We remark that if m > 1 and n > m + 2, no methods exist for answering completely questions (i), (iii), and (iv). If in this example f(x, y) is changed to be the great circle distance from x to y, Kelly [17] , Nielson [23] and Sperling [31 ] have shown that I(K) = ff/4 (n even).
When (as above) 3li consists of the positive measures containing n atoms of weight l/n, we call 5H the n-discrete family.
G. Bjó'rck [2] , by using the elegant methods of potential theory, has investigated the case where K is a compact set in a Euclidean space, m consists of the positive Borel measures of mass one supported by K, and f(x, y) = | x-y \ where 0 < A. He showed that if 0 < À < 2, then ¡iQ exists and is unique. His paper also contains a nice discussion of the cases A = 2 and A > 2.
The classical paper of I. Schur \30i treats the case where K is an interval, f(x, y) = log I x -y I, and M is the «-discrete family. It brilliantly answers all four of our questions.
L. Fejes Tóth [7] points out that if K is a circle and if / has strong convexity properties, one can employ a winding number argument to produce an extremal w-discrete measure pn. Since we are very interested in Euclidean spheres, we wish to know as much as possible about the circle. However, even here, there are unanswered questions.
One must also mention the important work of Polya and Szegö [24] . By expanding I x -y I in spherical harmonics they were able to obtain much information about the case where K is a 2-sphere. We find their technique extremely interesting and worthy of further investigation.
We now give a brief summary of our present work.
In §2 we take a close look at Fejes Toth's method for the circle and identify a rather general class of functions for which the method is effective. As a nontrivial example, we prove that any elementary symmetric function of the (") distances determined by » points on a circle is uniquely maximized when the points are the distinct vertices of a regular «-gon. Analogous results for non-Euclidean circles are indicated.
In §3 we show that the results of I. J. ) on metric embedding are powerful tools for investigating our problems. For example, if K is a finite set in a Euclidean space, f(x, y) = \ x -y |* with 0 < A < 2, and 311 consists of all signed Borel measures of mass one supported by K, we show that p0
is unique and can be computed directly.
In this case we show that I(K) has a
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use In §4 we assume that K is a Euclidean sphere, / satisfies a certain definiteness condition, and 3H is the «-discrete family. We show that c(l -l/n)< l(K)< c where the constant c depends only on /. We also show that the great circle metric, as well as the Euclidean metric, satisfies the definiteness condition.
This generalizes the previously cited work of Nielson and Sperling.
In §5 we expand upon the method of Pólya and Szegö in the situation where K is a Euclidean wz-sphere, f(x, y) = | x -y | with 0 < X < 2, and M is the n- The previously cited work of Björck shows that ¡(K) < dm, X). To obtain our inequality, the method of Pólya and Szegö is extended to ultraspherical harmonics, and further refined. For X = 1 very good estimates of I(K) are available ([l], [33]); for 0 < A < 1 see also [32] .
In §6 various constants (which do not seem to appear in the literature) related to transfinite diameter and curvature are computed. Hille [l2] shows that the transfinite diameter of the Hubert sphere is V2; we show by explicit formulae that the transfinite diameter of the w-sphere is v2 + 0(1/m). Also, a new metric curvature is introduced. We remark that Hille's recent book [13] contains a wealth of material on transfinite diameters.
Throughout the paper we often use notations of convenience, rather than /, K, and 5H. For example, in §4 the expression n I(K) becomes S(f, «). The proof of our first lemma is straightforward; we omit it. We remark that (
Extensions of Fejes
(iii) If / is restricted to polygons with fixed winding number then / achieves a maximum, and this maximum can occur only if 9. m lA{9._. + 9. .) (mod it) for 0 < i < r.
We obtain the class j by reversing the inequalities in (ii) and replacing "maximum" by "minimum" in (iii).
In practice, It follows by way of the cyclic decomposition described earlier that if n points lie on the circumference of the unit circle, then both the product and sum of the lengths of the (") chords they determine are maximal when the points are the vertices of a regular n-gon. To prove this, apply Theorem 2.1 to the two distance functions mentioned earlier.
To put this result in the language of the introduction, let K be the unit circle, /(x, y) = | x -y \ or log | x -y \, and let Î1Î be the «-discrete measures on K. Then ¡(K) = n" cot(n/2n) or (2n)~ log n respectively (see Fejes Tóth [7] and Schur [30] respectively).
The following corollary generalizes the results on the sum and product of chord lengths.
Since there are no new ideas involved, aside from elementary technical details, we omit the proof. 
EXTREMAL PROBLEMS OF DISTANCE GEOMETRY 7
The identity shows that if « points lie on a unit sphere, the sum of the squares of the various distances they determine is at most n , and will be « if and only if the centroid of the points is the origin. Thus a regular n-gon represents a maximal configuration which will not be unique for n > 3. For X > 2, the sum 2sV
does not generally maximize on a regular n-gon. The paper of Björck [2] gives a nice treatment of this problem when X > 2.
In the final theorem of this section we give another generalization of the results about sums and products of chord lengths. We will need the following lemma. is the number of edge lengths from T. which occur in the product q..
We group together all /-fold products which have exactly the same set of We can now sketch results for the non-Euclidean case. Say two points p., p.
on a non-Euclidean circle C of radius p determine a central angle of 0, 0 < 0 < it. Let 0 < r < R. Then the distance between them is Ij, (sin y29) We can now easily prove the following theorem. 
¿=1 ¿=l
The unknown xn is a Lagrange multiplier.
Proof. By Theorem 3.1 the form is negative definite on the hyperplane 2x. = 0, and hence will achieve a maximum on any parallel hyperplane such as 2x,-= 1.
We apply the method of Lagrange to f(x0,...,xn) = xJJt *i] +Çs-,Vy
We see that at a maximum, the system of equations (3.1) must be satisfied. The matrix of the system is precisely the M of Theorem 3.2. Since M is nonsingular, the system possesses a unique solution. This completes the proof. For A > 0 sufficiently small, the work of Schoenberg assures us that (a..) represents the distance matrix for a ser of points in En. The symmetry group would be trivial.
Next let K be a compact set in a Euclidean space, and let ft be a signed Borel measure on K with total mass one. As usual let l(K, /x) = //I P -11 d¡i(p)dvXq) and l(K) = sup,,/(K, v.). Bjorck [2] has made a thorough study We will prove the following result about ¡{K). We show this is not the situation. We remark that we can give a geometric interpretation to / ; we have / (K) = 2(p2 -s2) where l(K) = 2p2 and s is the distance to the convex hull of (K, d1 '2) from the center of the Hubert sphere of radius p on which it is embedded by Theorem 3.8.
Definite semimetrics on Euclidean spheres.
To define semimetric one drops the requirement that the triangle inequality be satisfied. We will be con- fot each i.
If h is a definite semimetric on a unit w-sphere, put S(h, n) = max!2¿ e(p¿, p)i as pj,"-» pn vary over the sphere. The mass distribution is given by /'. Equations (4.6) and (4.6 ) are special cases of a general Stieltjes integral formula.
We note that the right side of (4.6) is zero if and only if x; = x. for each z*.
Any finite collection of points on the circle may be treated by first adding all antipodal points, and then diagonalizing as in (4.6). The additional points may be suppressed by setting the corresponding x. equal to zero. We have proved the following lemma. Kelly obtains results of the same type inter alia in [17] ; see also his papers [15] and [16] for results concerning the quadratic form l(K, p.) oí §3 and the Schoenberg embedding theorems.
We remark that if h is semidefinite, then hy is definite for 0< y < 1.
5. A proof using spherical harmonics.
In this section we give a proof (which uses the ideas of [24] ) of the upper bound of Theorem 4.1 in the special case where h(p, q) is the Euclidean distance from p to q. In fact, we ultimately obtain the stronger inequalities (5.33) and (5.34).
The notation in this section is changed to conform to that of Chapters X and XI of [6] . We let ?p» We do this directly for any r, 0 < r < 1.
By [6, p. 175 (iii) (11)] we have the Rodrigues' formula
Toto m
We obtain from orthogonality and repeated integration by parts, ha ,(r) = £
(1 + r2 -2rx)X/2(l -x2)'"* C^dx In what follows we often write ;(z) for /.. Recall the addition formulae for Proof. It is not hard to use the "uniform distribution technique" of [24] to
show that the expressions of (6.2) are lower bounds for d^S ). The real problem is to show that they are upper bounds. Let cr(A) be the expression on the right of (5.1). Then where TU + n-l)r(«/2) "ll/A y{x,n) = [r(y2(x + n))r(n-i+'x72~)\ '
we sa.y that as a space of dimension «, M has a A-curvature of k at P, the curvature being positive or negative according to the + sign.
